Abstract: We calculate the low-lying spectra of heavy tin isotopes from A = 120 to A = 130 using the 2s1d0g 7/2 0h 11/2 shell to define the model space. An effective interaction has been derived using 132 Sn as closed core employing perturbative many-body techniques. We start from a nucleon-nucleon potential derived from modern meson exchange models. This potential is in turn renormalized for the given medium, 132 Sn, yielding the nuclear reaction matrix, which is then used in perturbation theory to obtain the shell model effective interaction.
Introduction
The tin isotopes offer a unique opportunity for examining the microscopic foundation of various phenomenological nuclear models. In the Sn isotopes ranging from mass number A = 100 to A = 132, neutrons are filling the subshells between the magic numbers 50 and 82, and thus it is possible to examine how well proton-shell closure at mass number 50 is holding up as valence neutrons are being added, how collective features are developing, the importance of certain many-body effects, etc. Though, one of the problems in theoretical calculations of properties of light tin isotopes is the fact that the single-particle energies of 101 Sn are not known. This reduces the predictive power of theoretically calculated interactions to be used in the spectroscopy of light tin isotopes. For 131 Sn however, the single-particle energies are known [1] , a fact which allows one to discriminate between various effective interactions.
This work falls in four sections. In section 2 we first describe how to calculate an effective interaction appropriate for heavy tin isotopes, using perturbative many-body techniques, and at the end give a brief presentation of the basis for the shell model calculation. The discussion of the results for both even and odd isotopes are given in section 3, and concluding remarks are drawn in section 4.
Effective interaction and shell model calculations
The aim of microscopic nuclear structure calculations is to derive various properties of finite nuclei from the underlying hamiltonian describing the interaction between nucleons. When dealing with nuclei, such as the heavy tin isotopes with A ∼ 132, the full dimensionality of the many-body Schrödinger equation for an A-nucleon system HΨ i (1, ..., A) = E i Ψ 1 (1, ..., A),
becomes intractable and one has to seek viable approximations to Eq. (1). In Eq. (1), E i and Ψ i are the eigenvalues and eigenfunctions for a state i in the Hilbert space.
In nuclear structure calculations, one is normally only interested in solving Eq. (1) for certain low-lying states. It is then customary to divide the Hilbert space in a model space defined by the operator P
with d being the size of the model space, and an excluded space defined by
such that P Q = 0. The assumption then is that the components of these low-lying states can be fairly well reproduced by configurations consisting of a few particles and holes occupying physically selected orbits. These selected orbitals define the model space. In the present work, the model space to be used both in the shell model calculation and the derivation of the effective interaction is given by the orbitals 2s 1/2 , 1d 5/2 , 1d 3/2 , 0g 7/2 and 0h 11/2 . The single-particle energies, taken from Ref. [1] , are displayed in Fig. 1 . Eq. (1) can then be rewritten as a secular equation
where H eff now is an effective hamiltonian acting solely within the chosen model space. The term H 0 is the unperturbed hamiltonian while the effective interaction is given by
with V
eff , V
eff etc. being effective one-body, two-body, three-body interactions etc. It is also customary in nuclear shell model calculations to add the one-body effective interaction V (1) eff to the unperturbed part of the hamiltonian so that
eff + V
eff + . . . ,
eff . This allows us, as in the shell model, to replace the eigenvalues ofH 0 by the empirical single-particle energies for the nucleon orbitals of our model space, or valence space, e.g., 2s 1/2 , 1d 5/2 , 1d 3/2 , 0g 7/2 and 0h 11/2 , the valence neutron holes with respect to 132 Sn. Thus, the remaining quantity to calculate is the two-or more-body effective interaction
eff . In this work we will restrict our attention to the derivation of an effective two-body interaction
eff ,
using the many-body methods discussed in Ref. [5] and reviewed below. The study of effective three-body forces will be deferred to a later work [6] .
Our scheme to obtain an effective hole-hole interaction appropriate for heavy tin isotopes starts with a free nucleon-nucleon interaction V (2) which is appropriate for nuclear physics at low and intermediate energies. At present, there are several potentials available. The most recent versions of Machleidt and co-workers [11] , the Nimjegen group [12] and the Argonne group [13] have a χ 2 per datum close to 1. In this work we will thus choose to work with the charge-dependent version of the Bonn potential models, see Ref. [11] . The potential model of Ref. [11] is an extension of the one-boson-exchange models of the Bonn group [14] , where mesons like π, ρ, η, δ, ω and the fictitious σ meson are included. In the charge-dependent version of Ref. [11] , the first five mesons have the same set of parameters for all partial waves, whereas the parameters of the σ meson are allowed to vary. The next step in our perturbative many-body scheme is to handle the fact that the repulsive core of the nucleon-nucleon potential V (herafter, we let V stand for the nucleon-nucleon potential V (2) ) is unsuitable for perturbative approaches. This problem is overcome by introducing the reaction matrix G given by the solution of the Bethe-Goldstone equation
where ω is the unperturbed energy of the interacting nucleons, and H 0 is the unperturbed hamiltonian. The operator Q, commonly referred to as the Pauli operator, is a projection operator which prevents the interacting nucleons from scattering into states occupied by other nucleons. In this work we solve the Bethe-Goldstone equation for five starting energies Ω, by way of the so-called double-partitioning scheme discussed in e.g., Ref. [5] . The G-matrix is the sum over all ladder type of diagrams. This sum is meant to renormalize the repulive short-range part of the interaction. The physical interpretation is that the particles must interact with each other an infinite number of times in order to produce a finite interaction. To construct the Pauli operator which defines G, one has to take into account that neutrons and protons have different closed shell cores, N = 82 and Z = 50, respectively. This means that neutrons in the 2s1d0g 7/2 0h 11/2 shell are holes, while protons in the 2s1d0g 7/2 0h 11/2 shell are particles. For protons the Pauli operator must be constructed so as to prevent scattering into intermediate states with a single proton in any of the states defined by the orbitals from the 0s shell up to the 0g 9/2 orbital. For a two-particle state with protons only, one has also to avoid scattering into states with two protons in the 2s1d0g (0g 9/2 excluded) and 2p1f 0h shells. For neutrons one must prevent scattering into intermediate states with a single neutron in the orbitals from the 0s shell up to the 0h 11/2 orbital. In addition, in the case of a two-particle state with neutrons only, one must prevent scattering into states with two neutrons in the 0h 9/2 0i 13/2 1f 2p and 3s2d1g0i 11/2 0j 15/2 shells. If we have a proton-neutron two-particle state we must in addition prevent scattering into two-body states where a proton is in the the 2s1d0g (0g 9/2 excluded) and 2p1f 0h shells and a neutron is in the 0h 9/2 0i 13/2 1f 2p and 3s2d1g0i 11/2 0j 15/2 shells.
A harmonic-oscillator basis was chosen for the single-particle wave functions, with an oscillator energyhΩ given byhΩ = 45A −1/3 − 25A −2/3 = 7.87 MeV, A = 132 being the mass number.
Finally, we briefly sketch how to calculate an effective two-body interaction for the chosen model space in terms of the G-matrix. Since the G-matrix represents just the summmation to all orders of ladder diagrams with particleparticle diagrams, there are obviously other terms which need to be included in an effective interaction. Long-range effects represented by core-polarization terms are also needed. The first step then is to define the so-calledQ-box given by
TheQ-box is made up of non-folded diagrams which are irreducible and valence linked. A diagram is said to be irreducible if between each pair of vertices there is at least one hole state or a particle state outside the model space. In a valence-linked diagram the interactions are linked (via fermion lines) to at least one valence line. Note that a valence-linked diagram can be either connected (consisting of a single piece) or disconnected. In the final expansion including folded diagrams as well, the disconnected diagrams are found to cancel out [15] . This corresponds to the cancellation of unlinked diagrams of the Goldstone expansion [15] . These definitions are discussed in Refs. [5, 15] . We can then obtain an effective interaction
eff in terms of theQ-box, with [5, 15] 
where (n) and (n − 1) refer to the effective interaction after n and n − 1 iterations. The zeroth iteration is represented by just theQ-box. Observe also that the effective interaction V
eff (n) is evaluated at a given model space energy ω, as is the case for the G-matrix as well. Here we choose ω = −20 MeV. Moreover, althoughQ and its derivatives contain disconnected diagrams, such diagrams cancel exactly in each order [15] , thus yielding a fully connected expansion in e.g. Eq. (10). Less than 10 iterations were needed in order to obtain a numerically stable result. All non-folded diagrams through thirdorder in the interaction G are included. For further details, see Ref. [5] .
The effective two-particle interaction can in turn be used in shell model calculations. The shell model problem requires the solution of a real symmetric n × n matrix eigenvalue equatioñ
with k = 1, . . . , K. At present our basic approach to finding solutions to Eq. (11) is the Lanczos algorithm; an iterative method which gives the solution of the lowest eigenstates. This method was already applied to nuclear physics problems by Whitehead et al. in 1977. The technique is described in detail in Ref. [16] , see also [2] .
The eigenstates of Eq. (11) are written as linear combinations of Slater determinants in the m-scheme, distributing the N particles(holes) in all possible ways through the single particle m-scheme orbitals of the model space, 2s 1/2 , 1d 5/2 , 1d 3/2 , 0g 7/2 and 0h 11/2 . As seen in Table 1 , the dimensionality n of the eigenvalue matrixH is increasing with increasing number of valence holes, and for the Sn isotopes of interest it is up to n ≈ 2 × 10 7 . Table 1 Number of basis states for the shell model calculation of the N = 82 isotopes, with 1d 5/2 , 0g 7/2 , 1d 3/2 , 2s 1/2 and 0h 11/2 single particle orbitals.
System Dimension System Dimension System Dimension 
Results and discussions
In this section we present and discuss the shell model results for as many as 12 valence nucleons. The intention is to gain insight and draw conclusions regarding the effective interaction on basis of a spectroscopic analysis. The effective interaction is derived for a core with N = Z.
All experimental information in the present analysis is taken from the data base of the National Nuclear Data Center at Brookhaven [17].
Even tin isotopes
We will here discuss the even Sn isotopes as a whole, and focus on the general spectroscopic trends. The results of the SM calculation are displayed in Tables  2 -4 . The energy eigenvalues are sorted according to the angular momentum assignment.
The stable energy spacing between the 0 + ground state and the first excited 2 + state, which is so characteristic for the Sn isotopes, is well reproduced in our shell model calculation. The yrast states, 4 − states are observed which cannot be reproduced by the shell model [18] and thus presumably are collective states. For the tin isotopes we obtain two 3 − states, which are somewhat too strongly excited, but it is likely that both states are of shell model nature.
Excited 0
+ states are at present only observed in the tin isotopes with N < 76. Towards the middle of the N=50-82 shell, the 0 Close to midshell low-lying 0 + intruder states have been reported that are supposed to be predominantly proton core excitations. The first evidence for low-lying proton excitations across the Z = 50 gap was found in 108−118 Sn by Fielding et al. [19] . Later, collective band structures have been identified by Bron et al. [20] , bands which are assumed to be based on deformed proton configurations. Such states are however beyond the scope of the present model. 
Generalized seniority for even isotopes
We will here make a comparison of the SM with the generalized seniority model [21] . The generalized seniority scheme is an extension of the seniority scheme, i.e. from involving only one single j-orbital, the model is generalized to involve a group of j-orbitals within a major shell. The generalized seniority scheme is a more simple model than the shell model since a rather limited number of configurations with a strictly defined structure are included, thus allowing a more direct physical interpretation. where pairing plays an important role. The pairing picture and the generalized seniority scheme have been important for the description and understanding of the tin isotopes. A typical feature of the seniority scheme is that the spacing of energy levels are independent of the number of valence particles. For the tin isotopes, not only the spacing between the ground state and the 2 + 1 state, but also the spacing beween the ground state and the 4 + 1 and 6 + 1 states is fairly constant throughout the whole sequence of isotopes. In fundamental works on generalized seniority by Talmi [21] , the tin isotopes have been used as one of the major test cases. It is also worth mentioning the classical work on pairing by Kisslinger and Sorensen [22] .
If we by closer investigation and comparison of the SM wave function and the seniority states find that the most important components are accounted for by the seniority scheme, we can benefit from this and reduce the SM basis. This would be particularly useful when we want to do calculations on systems with a large number of valence particles.
The operator for creating a generalized seniority (v = 0) pair is
where b † jm is the creation operator for holes. The generalized senitority (v = 2) operator for creating a broken pair is given by
The coefficients C j and β jj ′ are obtained from the 130 Sn ground state and the excited states, respectively.
We calculate the squared overlaps between the constructed generalized seniority states and our shell model states
The vacuum state |0 is the 132 Sn-core and n is the number of valence particles. These quantities tell to what extent the shell model states satisfy the pairing picture, or in other words, how well is generalized seniority conserved as a quantum number.
The squared overlaps are tabulated in Table 5 , and vary generally from 0.95 to 0.75. As the number of valence particles increases the squared overlaps are gradually decreasing. The overlaps involving the 4 + states show a fragmentation. In 128 Sn, the 4 + 1 (SM) state is mainly a seniority v = 2 state. As approaching the middle of the shell, the next state, 4 + 2 , takes more and more over the structure of a seniority v = 2 state. The fragmentation of seniority over these two states can be understood from the fact that they are rather close in energy and therefore may have mixed structure.
Effective charges and E2 transitions
In the literature there is some discussion concerning the effective charges to be used in B(E2) calculations. Fogelberg and Blomqvist have used an effective charge e eff = 1.0e in their study of single-hole states in 131 Sn [23] . In a work on νh 11/2 subshell filling, Broda et al. [24] are assigning an effective neutron charge, e eff = 0.88(4)e, to the h 11/2 holes. State dependent effective charges can be derived along the same lines as the effective interaction. Preliminary calculations of the effective charges for this mass region by one of the authors, Ref. [25] , have given values between 0.7e and 0.9e for the different valence particle states. However, in this work the state dependence has not been incorporated, but an average value e eff = 0.8e has been used.
In the vicinity of the 132 Sn-core E2 transition data are rather scarce. Towards the middle of the shell, and more stable isotopes, data are available. The agreement between our calculated B(E2) values and experimental data is overall very good, see Tables 6 and 7 
is given, and in 120 S the transition is reported to be 18.6 W.u., i.e. strongly collective. The transition rates are very sensitive to the structure of the wave functions and thus can give us valuable information. We fail in reproducing these E2 transitions by several orders of magnitude, and from that we can conclude that our SM 0 + 2 wave functions do not have the correct structure. As mentioned in the previous subsection the SM does also have problems in reproducing the correct energy of these 0 Sn. This may indicate some short-comings of our negative parity wave functions. We believe that is associated with the interplay between the 0h 11/2 orbital and the other orbitals. Even small corrections may change such weak transitions.
Broda et al. [24] argue that an effective charge twice as large as the value for 130 Sn is needed in 116 Sn. This enhancement of the e eff in the middle of the N = 50 -82 shell is interpreted as a consequence of additional configuration mixing, corresponding to polarization of the softer midshell core. Our E2 results for 122,120 Sn do however not indicate the need for any larger effective charge as approaching the middle of the shell. 
Odd isotopes
The results for the odd nuclei 129−121 Sn are tabulated in Tables 8 -12 . In addition, for each nucleus, some selected yrast states are displayed in Fig. 2 Characteristic for all the odd isotopes studied in this work is that the 1/2 In this work we have investigated the range of heavy Sn isotopes between A=120 and A=130. These are described in terms of valence neutron holes with respect to the 132 Sn core. By and large, the essential spectroscopic properties are well described in our shell model scheme. In particular, it is gratifying that good results are obtained for nuclei far away from the 132 Sn core with respect to which the effective interaction and the single-particle energies are defined. approximately constant and in almost perfect agreement with experiment. The other yrast states tend however to be too highly excited. All negative parity states are slightly to high as well. The reason seems to be that there is too strong a coupling between holes in the 0h 11/2 intruder orbital and holes in the other orbitals. Small adjustments of the J = 0 and 2 effective matrix elements n 2 j |V eff |0h 2 11/2 J , where n j are the orbitals 0g 7/2 , 1d 5/2 , 1d 3/2 and 2s 1/2 , give results in better agreement with experiment.
Our shell model scheme has been greatly successful in describing the odd tin isotopes. There is roughly a one-to-one correspondence between the calculated and experimental states below 1.0 -1.5 MeV, and the states are generally in correct order. Usually, odd nuclei are more tricky to handle than the even nuclei, since they are more sensitive to the underlying structure, such as the single-particle energies and the interaction. However, in the present calculation we get at least as satisfactory results for the odd as for the even isotopes.
In summary we may conclude that the relative location of the states is satisfactory, but it ought to be mentioned that the absolute values of the interaction energies are far off. As moving away from the closed Z=50, N=82 core, the systems become too strongly bound compared to experiment. Further investigations of this problem are necessary. Left to be studied in more detail is the influence of three-body forces [6] . We would like to find out whether the threebody contributions will be of significant importance as the number of valence particles grows, and thus will bring the theoretical binding energies closer to the experimental values. Another explanation could be that the problems with reproduction of the binding energies may be ascribed to the two-body effective interaction itself and thus this ought to be subjected to further tests before definite conclusions can be drawn. 1.26 Table 12 Low-lying states for 121 Sn. Energies in MeV.
